AN ARCHIMEDIAN ANALOG OF IWASAWA THEORY 

KEN-ICHI SUGIYAMA, 

Abstract. We will show a conjecture which reduces Mazur-Tate-Teitelbaum conjecture 
to the known cases. In order to explain its background we will develop an archimedian 
analog of Iwasawa theory. Moreover consequences of the conjecture which are related to 
Birch and Swinnerton-Dyer conjecture will be discussed. AMS classification 2000: 11F11, 
"% I 11F67, 11F85, 11G05, 11G40 

1. Introduction 

In this report we will describe a conjecture which reduces Mazur-Tate-Teitelbaum con- 
jecture (see Conjecture 3.1) to the known cases. We fix a prime p greater than or equal 
to 5. Let E and E' be elliptic curves defined over Q. We say that they have ordinary 
reduction of the same type at p if one of the following conditions holds: 

(1) they have good ordinary reduction at p and the cardinality of F p -rational points of 
their reductions are equal, 
■^i- ' (2) they have split multiplicative reduction at p, 

£> . (3) they have non-split multiplicative reduction at p. 

In particular if E has ordinary reduction at p and if their reduction E p and E' are isomor- 
00 ' phic over ¥ p they have the same type. 

m ! 

Conjecture 1.1. Let E and E be elliptic curves defined over Q. Suppose that they have 
q ', ordinary reduction of the same type at p. Then 
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ord s= iL(E, s) - OTd s= oC E ,p(s) = ord s= iL(E' , s) - oid s=0 C E '. 



s 



It is clear that Mazur-Tate-Teitelbaum conjecture implies Conjecture 1.1. Conversely 
we will show that Conjecture 1.1 indues theirs. Here is a brief outline of an argument 
(see $3.1 for details). It is known that Mazur-Tate-Teitelbaum conjecture is true for an 
elliptic curve E defined over Q whose L-function does not vanish at s = 1. More precisely 
if E has a good ordinary or a non-split multiplicative reduction at p it is obviously true 
by the definition (see Fact 2.1). If E has a split multiplicative reduction it is a theorem 
due to Greenberg-Stevens pj (see also [5]). Suppose that our conjecture were true. It is 
sufficient to find an elliptic curve E' defined over Q which has an ordinary reduction of the 
same type at p as E and that L(E', 1) ^ 0. Using results of Ono and Skinner [8] we will 
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construct such a curve by a quadratic twist of E. 

Let us briefly explain a motivation of the conjecture. Let T^ be the set of p-adic 
integers congruent one modulo p. For an elliptic curve defined over Q which has ordinary 
reduction at p, Mazur, Tate and Teitelbaum constructed an element \iE,p £ ^p[[Loo]] which 
interpolates special values of twisted L-function of E at s = 1 (see Fact 2.1). The p-adic 
L-function of E is intuitively 

£-E,p = Xs(fJ-E,p), 

where Xs is a character of T^ defined by Xs( x ) = x~ s . Let E and E' be elliptic curves 
defined over Q which have ordinary reduction of the same type at p and x a character of 
Too of finite order. Then 

a(x(0(ME,p))) p; = a(xmVE',p))) p; , 

where <p is a homomorphism of Z^r^]] induced by an automorphism x \-+ x p (x E Too) 
and a is an isomorphism from C p to C. Suppose we were able to constructed a C-valued 
measure ^oo,_B and £oo,,E' on Too satisfying 

(1) x{£oo,e) = L(E, x 1_p , 1) for a finite character of Too, 

(2) Xs(U,e) = L(E,1 + (1- P )s), 

and so does £oo,.E'- If we brutely replace x i n the above equation by Xs we will obtain 

(r (( ^ ^L(E',l + (l-p)s) L(E,l + (l-p)s) 

<t(£e, p ((P ~ 1 ) s )) n = a ( C E', P ((P ~ V-V)- 



iiE' *Ie 

which implies Conjecture 1.1. In order to realize this idea we will develop a C-valued 
measure theory on r^ for an elliptic curve in $2.2 and $2.3, which is an arichmedian ana- 
log of Iwasawa theory. The motivation will be explained in $2.4. (Note that the naively 
conjectured this equation is seemed to be too strong. In fact if E and E' has a split multi- 
plicative reduction at p and if their L-functions does not vanish at s = 1 it says that their 
L-invariants should be equal. But this fact is true if E' is a quadratic twist of E, which 
we may impose to derive consequences from Conjecture 1.1.) In $3.1 we will discuss 
a relation between Conjecture 1.1 and the conjecture of Mazur- Tate- Teitelbaum. The 
remaining sections will be devoted to an application to Birch and Swinnerton-Dyer conjec- 
ture. 

Throughout the paper we will use the following notation, p will be a prime greater than 
or equal to 5. Let G be a group and K be a commutative field. We denote the group ring 
of G whose coefficients are in K by K[G\. Fixing an embedding we will consider Q as a 
subfield of C and C p . 

2. A MOTIVATION OF THE CONJECTURE 

2.1. Review of the theory of p-adic measures. In this section we will review the 
theory of p-adic integrals and p-adic L-functions. Details will be found in [3], [6] and [7]. 
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For a positive integer r let T r be the kernel of the mod p reduction map, 

(Z/fc^ 1 ))* -+ (Z/(p))\ 
It is isomorphic to an additive group Z/(p r ) and taking the inverse limit we have 

log 

r^ := limr r ~ Z„. 

«- 

Explicitly T^ is the set of p-adic integers congruent to 1 modulo p and 

\n— 1 



log a; 



^ /•_-] \n— 1 



n 

n=l 



The isomorphism between T r and Z/(j> r ) is still denoted by log. There is an isomorphism 

(i) z p [T r ]^z p [t\/{{i + ty r -i), 

defined by 

irerv zerv 

Let 7 £ r^ be a topological generator so that log 7 = 1. Taking the inverse limit of (1) we 
have 

Z^Too]] := limZ p [r r ] ~ Zp[[t]], tj7 p (7) = 1 + 1. 
Via w p we sometimes identfy t with 7 — 1. Putting 



t = e~ s -l = E 



n=l 



w p yields an injective homomorphism of C„-algebras: 



(2) A Cp :=Z p [[r 00 ]]<8)z I> C p 4C p [[ a ]], r p ( 7 ) = ]T 

More explicitly using p-adic integral 



n: 

n=0 



(—c) n r 
(3) ^H^E^T (logx)"d M (x), ^eA c , 

n=0 n ' ^ r °° 

Let a (7^ 1) be a p-adic integer that is congruent 1 modulo p. We define a Dirac measure 
8 a supported at a to be 

5 a := lim(5 ) r € Z^r^]], (S a ) r = ^ {5 a ) r (x)x G Z p [T r ], 

where (<5 a ) r ([a]) = 1 and (5 a ) r (x) = if x 7^ [a]. Here [a] is the image of a by the natural 
projection T^ — > T r . A simple computation shows the following lemma. 
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Lemma 2.1. 

Tp(5 a )(s) = a~ s . 
where 

*— ' n! 

n=0 

For an example let us take = 7. Then (1) is a consequentce of (2). Let C p [<5 a ] be 
a subalgebra of A<c p generated by S a , which is easily seen to be isomorphic to a ring of 
polynomials of one variable whose coefficients are in C p . In fact let us consider a sub- 
semigroup a := {a m \ m G Z, m > 0} of r M which is isomorphic to N := {x G Z| x > 0}. 
Then 

C p [5 a } = C p [a N }cA Cp . 

We put X a = 5 a — 1 and define 

m p := r-^Ca)), 91 := 9Jt p n C p [X a ]. 

Then Wl p and 91 are generated by t and X , respectively. Let C p [[X a ]] (resp. Ac p ) be a 
OT-adic (resp. 93T p -adic) completion of C p [X a ] (resp. Ac p ). Note that 

(4) C p [X a ]/(X:) = A Cp /Ti; S C p [ S ]/( S r ), 

for every positive integer r. Passing to the inverse limit we see that 

C p [[X a ]]=A Cp , 
and that T p is completed to an isomorphism: 

C p [[X a ]]=A Cp Zc p [[s]]. 

Summarizing we have proved the following. 

Proposition 2.1. Let a be an integer greater than 1 that is congruent to 1 modulo p. 

(1) 

k Cp = C p [[X a }}, X a = S a -l. 

(2) There is an infective homomorphism A<c p ^-> C p [[s]] and it is completed to an iso- 
morphism 

C p [[X a ]] = A Cp ~ C p [[s]}, f p (X a ) = a- s - 1. 
In particular the natural map 

v : A Cp ->• Ac p , 



is injective. 
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Let C p [[roo]] be the inverse limit of a projective system {C p [r r ]} r , which contains Ac p 
as a subalgebra. Let ar r : C p [r r ] — >• C p be the argumentation and 

®r x ■ Cp[\Poo]] -> C p , 

be its inverse limit. Let eo : C p [[s]] — > C p be the evaluation at the origin: eo(/) = /(0). 
The following is derived from (3). 

Lemma 2.2. 

eo(TpO)) = ar 00 (ji), fi G A Cp . 

This shows that SDtp is equal to the intersection of Ac p with the argumentation ideal of 
CpffFoo]]. We take a system of primitive p n -th roots of the unit {Cp n }n satisfying ( p n+1 = 
( p n. According to a decomposition of Galois group: 

Gal(Q(Cpn+i)/Q) ~ (Z/(p)) x x r n , 

let Q n be the abelian extension of Q contained in Q(Cp"+0 such that Gal(Q n /Q) — T n 
and Qoo their union: Qoo := U n Q n . Then Gal(Qoo/Q) is isomorphic to r ra and we will 
identify them. Then As we have explained before, the projective limit Zp[[Gal(Qoo/Q)]] of 
{Zp[Gal(Q„/Q)]}„, is isomorphic to Z p [[t]]. 

Let E be an elliptic curve defined over Q which has either good reduction or multiplica- 
tive reduction at p. Take a prime I different from p and let otE £ Z* and /3e = p/oe £ pZ p 
be the eigenvalues of the Z-adic representation of p-th power Frobenius on the Tate module 
Ti(E) if E has good ordinary reduction and {oleiPe) = (1>P) (resp. (— 1,— p)) if E has 
split (resp. non-split) multiplicative reduction at p. For a finite character x of Gal 
whose conductor p n let W(x) De the Gauss sum: 

W( X )= £ X(7)^- 

7SGal| 



We fix an isomorphism a : C p ~ C such that 

o-(^) = z, z G Q. 

Fact 2.1. f]7]J There is the unique element he, p o/Z p [[Gal(Qoo/Q)]] 0z Q p satisfying the 
following properties: 

(1) //£" /ias 500c? ordinary reduction atp, 

a(l(^E, P )) = (l-a E r^§f- 

(2) // £7 has multiplicative reduction at p, 

. U L(E,1) 



a(l(nE, P )) = (1 -a 



E 



fl, 
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(3) Let x be a character of Gal(Qoo/Q) of finite order whose conductor p n > 1. Then 

W(x) L(E,x-\l) 

o-{x{»e,p)) = —^ ~- • 

Here 1 is the trivial character and Qe is the fundamental real period of E. The p-adic 
L-function Ce, p of E is defined to be 

£e, p ■= T P (/J,E, P ) e C p [[s}}. 
Let 4> and i be automorphisms of r^ defined to be 

(j){x) = x p ~ 1 , l{x) = x _1 , x G Too, 
and the induced automorphisms on Ac p are still denoted by the same character. 
Lemma 2.3. Let p G A<c p . 
(1) 

x(H»)) = x p -Hri, x{^)) = x~\iA- 

(2) 

T p ((p{fl)){s) = T p (n){(p - l)s), T p (l(/J,))(s) = T p (n)(-S). 

The following follows from Fact 2.1 and Lemma 2.3 
Proposition 2.2. (1) If E has good ordinary reduction at p, 

a(l(^pE, P ))) = (l-a E 1 ) 2LiL ' ]} 



Ve 

(2) // E has multiplicative reduction at p, 

(3) Let x be a character o/Gal(Qoo/Q) of finite order whose conductor p n > 1. Then 

W{ X l - p )L(E,x p -\l) 



0-(x(^(^E,p))) 



ft/ 



(4) 

T p (i(/)(flE, P ))(s) = C E ,p({l ~ P)s). 

2.2. An archimedian analog of the p-adic measure. We want to develop an analog 
of the p-adic measure theory over C for a certain Dirichlet series. For p £ M. let H p be a 
right half plane defined by 

H p :={zG C : Rez > p}. 

Definition 2.1. A Dirichlet series 

oo 

A(z) = ^2 a n n ~ z , a n £ C, 

n=l 

will be called regular if it satisfies the following conditions: 



AN ARCHIMEDIAN ANALOG OF IWASAWA THEORY 7 

(1) a n = if p divides n. 

(2) There is a positive real number p (which may depend on A(z)) such that A(z) 
absolutely converges on H p and is analytically continued to the whole plane as an 
entire function. 

(3) For every positive integer r and a such that 1 < a < p r 

oo 

A,a( Z ) := 5Z a kk~ Z 

k=l,k=a(p r ) 

is also continued to the whole plane as an entire function. 

We will denote the set of regular Dirichlet series by 1Z. By definition it is contained in the 
commutative algebra 0c of holomorphic functions on C In fact it is a subalgebra. We only 
check that it is closed by a multiplication. Let A{z) = X^i a ^~ z an d B(z) = Ylm=i ^rrjn~ z 
be regular Dirichlet series and C(z) = Y^=i c nn~ z their product. It is obvious that C(z) 
satisfies (1) and (2). For 1 < c < p r a simple computation shows 

(5) C r ,c(z) = Yl A r , a (z)B r:b (z), 

ab=c(p r ),l<a,b<p r 

and this implies (3). For A(z) = X^Li a n'n~ z £ TZ, we define 

v r 
HO,M) :=^2A r , a (z)[a] r G O c [(Z/(^)) x ], 

a=l 

where [-] r represents the residue class. Then {po,r(A)} r forms a projective system and we 
set 

w (yl) : =lk w , r (i)€O c [[z;]]. 

Thus we have a map 

A*e>:ft->0 C [[Z£]], 
which is a homomorphism of algebras by (5). Let ho be its image. Note that a regular 
Dirichlet series A is recovered from no (A). In fact we associate a function Yla=i A r ,a(z)a~ s 
to no,r(A), that is Y^=i Ylk=i k=a(p r ) dkk~ z a~ s on H p x H p (p is sufficiently large). There- 
fore 

p r oo 

lim ^ ^2 a k kT z oT s = ^ a n n~ {s+z) = A(s + z), 

a=l k=l,k=a(p r ) n=l,(n,p)=l 

on H p x H p and by analytic continuation we have a map 

(6) fo:Ao^O CxC , f {po(A)) = A{s + z), 
where 0c xC is the set of holomorphic functions on C x C. Thus 

to HO =P*, 

where 

p : C x C — > C, p(s, z) = s + z, 
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and since p* is an injective homomorphism, 1Z -? Aq is an isomorphism and tq is injective. 
Let 

be a homomorphism induced by 

O c ^C, f^f(l), 
and set fc := to t8>0, e C Let //c be the composition of 

11 ~ Ao ->■ Ac- 

Then by (6) 

f c o^c(^4)(s) = A(l + s), AeK, 
and we have proved the following proposition. 

Proposition 2.3. 

HC ■ Tl ->■ Ac, 
and 

fc : Ac — >■ Oc, 
are an isomorphism and an injective homomorphism, respectively. Moreover 

f C fi c (A) = A(l + s), AgK. 

Here is an example. Let b(j^ 1) be a positive integer prime to p and set D b := b 1 ^ 2 , 
which is a regular Dirichlet series. Then 

(7) mc(A>) = S b , f c (D b ) = b- s . 

Let foo : Ac — > C[[s]] be the composition of fc with the Taylor expansion at the origin: 

oo 
C -+C[[S}], f^J2 a n(f)s n , 
n=0 

which is injective by Proposition 2.3. It is easy to check that 

f oo (A)(0)=a Ac (A), AG A c , 

where a^ is the restriction of the argumentation of C[[Z*]]. In particular we see that 

the kernel 9Jt^ of a^ is equal to f ( ^ ) 1 (s). Take a positive integer b as above and set 

Y b := 5 b — 1- Then as we have seen in the previous section C[Y b ] is a subalgebra of Ac 
which is isomorphic to the polynomial ring of one variable and it is esy to see that 

(Y b ) = C[Y b ]nOJl kc . 

Thus we have shown that the each arrow of 

(8) C[Y b ]/(Y b r ) -+ A c /Ml c ^ C[[s}]/(s r ) 

is injective. Since the dimension of both side are equal they are isomorphic. The following 
is an archimedian analog of Proposition 2.1. 
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Proposition 2.4. (1) 

C[[Y 6 ]]=A C ~C[[ S ]]. 
(2) The natural map Ac — > Ac is injective. 
Proof. Take the limit of (8) we obtain (1). 

n l^J^ C [[s]] 

A c > A c , 

Notice that foo ° A*c : 7£ ~~ > C[[s]] is the Taylor expansion at s = 1 and it is injective. Since 
vertical arrows are isomorphisms we obtain (2). 

□ 
But there is a slight difference. Namely Ac p is a subalgebra of CpfpToo]] but Ac is contained 
in C[[Z*]]. Let 

be a homomorphism induced by 

(ft : Z p x -)• r^ 0(s) = x p "\ 

and we define 

A c := 0(Ac). 
Let «a c be the restriction of the argumentation of CfT'oo]] to Ac and DJToo its kernel. Set 
a := 6 P_1 and X a := S a — 1. Then C[X a ] is a subalgebra of Ac isomorphic to a polynomial 
ring of one variable and (ft yields a isomorphism: 

(ft : C[Y b ] ^ C[X a ], (ft(Y b )=X a . 

Since 

(x a ) = c[x a ] n mioo, ^"HaKoo) = <m Ac , 

we obtain the following diagram. 

— 5—4. A^/m. . 
(9) 



c[n]/(n r ) - J -» A c« -^ c [H]/(* r 



cpq/ro -^ Ac/mt^ 

By (8) upper horizontal arrows are isomorphisms. Since the both (ft are isomorphic so is i. 
(The reason that the right (ft is isomorphic is (ft : Ac — > Ac is surjective and (ft~ 1 (9Jl 00 ) = 
9JT A •) Define f<x> and (ft to be 

foo : C[[X a }} -> C[[a]], foo(X a ) = a- s -l, 

and 

0:C[[s]]->C[[ 5 ]], #/)(*) = /((p-l)s). 
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Take the limit of (9) and we have 



At 



A ( 



-> C[[Y b ]} = A c 



-> C[[s]] 



-> C[[X a ]]=A c -^ C[[s]], 



where P and f are natural homomorphisms and every arrow in the right rectangle is an 
isomorphism. As we have shown in Proposition 2.4 v is injective and by definition the 
most left <p is surjective. A diagram chasing shows that v is injective and that the most 
left (j) is also an isomorphism. Let us denote Too = ^oo ° v. Here is an archimedian analog 
of Proposition 2.2. 



Proposition 2.5. 



:d 



C[[IJ]=A C ~C[[*]], foo(^a) 



1. 



(2) T/ie natural map v : Ac — > Ac 2S injective. 

(3) For A £ TZ Too(0 o pc^)) ^ ^e Taylor expansion of A(l + (p — l)s) at i/te origin 
and 

a Ac (0o f i c (A))=A(l). 

2.3. An archimedian measure of a cusp form. Let / = YlnLi a n(f)Q n be a cusp form 
of weight 2 and level N. Let us fix a positive integer m and for an integer < a < m — 1 
we put 

oo 
n=l, n=a(m) 



m 



Lemma 2.4. {0 m , • • • , 0™ *} and {/^, • • • , f% 1 } span the same vector space over 
Proof. Putting Q m = exp(2-7ri/m) a simple computation shows 



DO 

£ 



a n {f)q n C 



m— 1 

E/-ak rk 

fc=0 



Therefore 



J rn 



um—1 




where 



A 



f 1 

1 



y i ™-i 



c 



1 

Am— 1 
^m 

(m-1) 2 
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Since A is regular, we obtain the claim. □ 

Let E be an elliptic curve defined over Q and Ne its conductor. Since it is modular [1] 
there is a cusp form Je of weight 2 and level Ne associated to E and let 

fE = yi a n (E)q n , q = exp(2TTiz) 
n=\ 
be the Fourier expansion at ioo. Removing the Euler factor L p (E,z) at p we define the 
modified L-function of E to be 

oo 

tf(E,z)= Yl a n(E)n- z . 

n=l,(n,p)=l 

Since its partial Dirichlet series 

oo 

(tf(E,z)) r>a := Yl a k( E ) k ~ z 

k=l,k=a(p r ) 

is a Mellin transform of (/e)St Lemma 2.4 and the cuspidality of /e imply that L^(E, z) 
is a regular Dirichlet series. Now we set 

M-E.oc := ficiL^E, z)) £ Ac- 

Let x be a character of Z* of finite order whose conductor is p r . It defines a homomorphism 

X:C[(Z/(pO) x ]^C, 

and the composition it with the projection C[[Z*]] — > C[(Z/(j> r )) x ] is still denoted by \- 
Then 

x{p>E,oo) =L(E,x, 1), 
for a non-trivial x an d 

1(ms,oo) = aA c (j«E,oo) = L\E, 1). 
Thus we see 

x(HVE,oc)) = L(E,x p ~\l), 
by Lemma 2.3. Proposition 2.5 implies the following theorem, which should be com- 
pared to Fact 2.1. 

Theorem 2.1. Lei i? 6e an elliptic curve defined over Q. Then <f>(nE,oo) £ Ac satisfies 
the following properties. 

(1) 

x(<X^,oc)) = £(£,x p -\i), 

for a non-trivial character x ofT^ of finite order. 

(2) 

l(0(^, oo )) = Lt( J B,l) = -^|^. 
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(3) 

Too(<f>(jiE,oo))(8) = L\E, 1 + (p - 1) S ). 

Our measure is related to Kato's system which will be recalled below. Let T p (E) and 
Vp(E) be the Tate module of E: 



T p (E) = lim E\p n ], V p (E) = T p (E) ® %v 



tp- 



Qn tP denotes the completion of Q n by the unique prime on p. Let Hg(Q n;P ,V p (E)) C 
H^iQnv, V P {E)) be the image of E(Q n>p ) ® Q p by the Kummer map and H^(Q n)P , T P (E)) 
its intersection of with H 1 (Q n:P ,T p (E)) . For M = T P {E) or V P (E) we define 

HJ s (Q n>p ,M) = H 1 (Q n:P ,M)/H 1 s (Q njP ,M). 

Let cue be the canonical invariant differential associated to the minimal Weierstrauss model 
of E. Then there is an isomorphism called dual exponential map: 

exp* : HJ s (Q niP ,V p (E))^Q niP uj E . 

Restrict the composition of exp* with 

Qn,p^E^Qn,p, a^E >-> a 

to Hj s (Q ntP ,T p (E)) and we obtain a map 

exp^ : H) s (Q n , p ,T p (E)) -> Q n , p . 

Fact 2.2. f]lj ; [TT] Corollary 7.2J For every n there is c n G H l (Q n ,T p (E)) satisfying 
following properties. 

(1) 

Cor njn+ i(c n+ i) = c n . 

where Cor nin+ i : H 1 (Q n +i, T p (E)) — > H 1 (Q n ,T p (E)) is a corestriction map. 
(2) Let loCp am be the composition of 

H\Q n ,T p (E)) % p H^Q^TpiE)) -> H) s (Q n>p ,T p (E)), 

where the first arrow is the localization and the second is the natural projection. 
Then 

a(J2 x(7)ex P : E (loc7 m (c^))) = ^L {pNe) (E, X ,1), 
7er n E 

for any character x ofT n . Here r^ is a positive integer which depends only on E 
and £Ie is the fundamental real period. Li p ^ E \{E, Xi s ) is a function obtained from 
L(E,x,s) removing Euler factors at primes which divide pNe- 

Let 

Kn = J^ e W : E (loc r p am (cl)h G C p [T n ]. 
7£r n 
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Then {«„}„ forms a projective system by Fact 2.2 and 

x(o"0(«oo))) = tz- L(p NE )(E,x p ~ ,1), K 00 =limK n , 
for any finite character x oi T^ by Lemma 2.3. Since 

l {pNe) (e, x ,i) = n P q (q' l x{^ q ))L{E jX A), 

q\pN E 

where 

1 — t, if E has a split multiplicative reduction at q: 
P q (t) = < 1 + 1, if E has a non-split multiplicative reduction at q: 

1, if E has an additive reduction at q, 

Theorem 2.1 implies the following result. 

Proposition 2.6. 

*WKoo)) = ^ II Wte -1 ^) • /XB,oo)- 

q\NE,q¥"P 

2.4. A motivation of the conjecture. Now we are ready to explain a motivation of 
Conjecture 1.1. We will fix a positive integer b greater than 1 which is prime to p and 
set a = hP -1 . In order to make a distinction between p-adic and archimedian logarithm of 
a we denote them by l p (a) £ C p and /oo( a ) £ C, respectively. We refer an isomorphism 
<r : C p — >• C is normalized if it satisfies 

(1) 

a(z) = z, z £ Q. 

(2) 

cr(l p (a)) = loo(a). 

Let us extends a to C p [[s]] and C p [[X a ]] by 

n n 

and 

a{Y^d n x:) = Y,<d n )x:. 

n n 

Then (2) implies 

a(a~ s ) = a~ s , 
as a power series of s and in particular 
(10) a o t p = foo o a. 

Finally we define 
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to be the inverse limit of 

a : Cp[T r ] ->• C[T r ], a{ ^ c 7 7) = ^ o"(c 7 )7. 

7GIV 7GIY 

Since a is normalized, 

*(x(c)) = x(*(c)), ceCpHToo]], 

for a finite character % of Too. Let A be a C-subalgebra of CfT'oo]] generated by a(Ac p ) 
and Ac and 9JIa the intersection of it and the argumentation ideal of C[[roo]]. Then A 
contains C[X a ] and 

(11) A/m r A = C[X a }/(X a Y^C[[s}}/(s r ), Vr 

by Proposition 2.1 and Proposition 2.4. Therefore we see that, for A G A, 

(12) Mm{k\\£Wl k A } = ord s=0 f oo (A). 

Let E and E' be elliptic curves satisfying the assumption of Conjecture 1.1. By Propo- 
sition 2.2 and Theorem 2.1 we see that 

(13) — p; a{t,<f)(nE,p)) = — n vimVE'v)) £ A. 

Now Conjecutre 1.1 will be derived by (10), (12), Proposition 2.2 and Theorem 2.1. 

Unfortunately there seems to be a mistake in the above argument. In fact suppose that 
both E and E' have a split multiplicative reduction at p and that their L-function does 
not vanish at s = 1. Take the image of (13) by fbo and the formula of the first derivative 
of p-adic L-function ([2], [5]) will tell us that their L-invariants should be equal! Since we 
cannot solve this puzzle the above argument should be considered as only an explanation 
and not a proof. But suppose that E' is a quadratic twist of E (as we will see in the 
next section, in order to derive consequences from Conjecture 1.1, we may impose this). 
Because they are isomorphic over Q their j-invariants are equal and so are L-invariants 
since the Tate period is determined by the j-invariant ([7] Chapter II $1 (2)). 

Conjecture 2.1. Let E and E' be elliptic curves defined over Q. Suppose that E' is a 
quadratic twist of E and that they have ordinary reduction of the same type at p. Then 

Q E ,L(E, 1 - s)o{C E ,^{s)) = n E L(E', 1 - s)o-(CeAs))- 

Although our argument may be incomplete it will explain why an extra zero appears. 
We will follow the notation of [llj Appendix. Suppose that E has a split multiplicative 
reduction at p. For simplicity we will omit to write the isomorphism a : C p — > C and will 
make no distinction between f p and f^, which will be denoted by f . Let us put 



n r — i 

Tr Q(Cn + l)/Qn, P (2^ ZI h 



P 



G 



P K p — 1 

fc=0 
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and 

W n = ^ x ll G Qn,p[T n ]. 

7er„ 
One may check that {x n } n is compatible with the corestrictions and that {w n } n forms a 
projective system. According to Coleman define 

Col n (/s n ) := w n i(K n ) = Y^ (TrQn^/Qp^^exP^OoCp^Ccn))!^ 1 - 

7er„ 

It is known that it is contained in Z p [r n ] and that ( |llj Corollary 7.2) 

te l~f Pq(q s ~ 1 )£E, P (s) = f(Col 00 (K 00 )), CoLjo^oo) = lim Co1„(k„). 

Therefore 

q\N E ,q¥"P 
Since Coloo(ftoo) = w<x><<(«oo) we formally obtain 

^ II p^'^'^eAIp - i>) = ^ OK^oo)) • W(«oo))- 

q\N E ,q^p 
By Theorem 2.1 and Proposition 2.6 the second term is 

W(«oo)) = ^ II PM {P ~ l)s ' l )L\E,l-{p-l)s). 

q\N E ,q^p 
and therefore 

£E,p((P - 1)«) = n<K™oo)) » • 

But what f(^(w 00 )) should be? By [11] Lemma A.l (2) we know that 

I W(x)i if X is nontrivial 
I U, if x 1S trivial. 

Now remember that W(x) appears in the functional equation of Dirichlet series: 

L(0,x) = -W( X )L(1, X - 1 ). 
m 

If we were able to replace x by Xs as the introduction it would be 

C(p)( S ) = — ^(™oo))C(p)(l - S), 

where C( P )( S ) = (1 ~ P~ s )Ci s )- I n particular 

T»C(P)((P-1)*) 



t(0(Woo)) 



C(p)(l-(P-I)fl)' 

and since the zeta function has a simple pole at s = 1 the order of fboOKtUoo)) at s = is 



one. 
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3. Consequences of the conjecture 

3.1. An application to Mazur-Tate-Teitelbaum conjecture. Let E be an elliptic 
curve denned over Q. The following conjecture is due to Mazur, Tate and Teitelbaum. 

Conjecture 3.1. (1) Suppose that E has an good ordinary or a non-split multiplicative 

reduction at p. Then 

ord s= oC E , P (s) = ord s= iL(E,s). 

(2) Suppose that E has split multiplicative reduction at p. Then 

ord s= oC E , P (s) = 1 + ord s= iL(E, s). 

Suppose that L(E, 1) ^ 0. If E has a good ordinary or a non-split multiplicative re- 
duction at p the conjecture is trivially true by Fact 2.1. If E has a split multiplicative 
reduction it has been proved by Greenberg and Stevens [2]. Later Kobayashi gives an ele- 
mentary proof of their statements using Kato's result [5J. Obviously our conjecture follows 
from Conjecture 3.1. Conversely, using a theorem due to Ono and Skinner [8], we will 
show that Conjecture 1.1 implies Conjecture 3.1. 

Let II = {pi, • • • ,pt} be a set of mutually distinct primes and take e = (ei, • • • et) where 
€i £ {±1}- Then we define P(H, e) to be a set of square free fundamental discriminants D 
which satisfy 

( — ) = <*, Vi, 
Pi 

where (7) denotes Legendre symbol. For a square free fundamental discriminant D let Ed 

be the twist of E over Q(y/D). Namely if 

E : y 2 = x 3 - ax + b, a, b G Q, 

is a Weierstrauss form of E, Ed is defined to be 

E D ■ Dy 2 = x 3 - ax + b. 

Fact 3.1. ([8\ Corollary 3) For a positive number X 

X 



%{D g P(n, e) : \D\ < X, L(E D , 1) / 0} » 



logX 



Proof of Conjecture 1.1 =^> Conjecture 3.1. By Fact 3.1 we know that there is a 
square free fundamental discriminant D satisfying ( — ) = 1 and L(Ed, 1) 7^ 0. The first 
condition guarantees that E and Ed have ordinary reduction of the same type at p. As we 
have mentioned before the conjecture is true for Ed and Conjecture 3.1 is derived from 
Conjecture 1.1. 
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3.2. A review of Iwasawa theory for an elliptic curve. Let E be an elliptic curve 
denned over Q with good ordinary reduction at a prime p > 5. We denote the Selmer 
group of E over Q n by Sel(Q n , E\p°°]) and define 

SeKQoo.^b 00 ]) == limSeKQn^fp 00 ]), 

where limits with respect to restrictions. In general let M be a profmite Z p -module. Its 
p-adic and rational p-adic Pontryagin dual is define to be 

B(M) :=Hom conU (M,Q p /Z p ), 

and 

D°(M) := D(M) Zp Qp, 

respectively. The subscript con£i means the set of continuous homomorphisms. By Z p [[Gal(Q 
Z p [[t]], we regard Xoo := D(Sel(Q 00 ,-E'[p 00 ])) as a Z p [[i]]-module. It is known that Xoo is 
a torsion Z p [[i]] -module and therefore D°(Sel(Qoo, E\p°°])) is a torsion A(Q p -module. Here 
we put Aq p := Z p [[i]] C^Zp Qp, which is a discrete valuation ring whose valuation ideal is 
generated by t. Let Char(Xoo) C Aq p be the characteristic ideal of D°(Sel(Qoo, E\p°°])) 
and the order of its generator with respect to t is denoted by ordiChar(X 00 ). 

Proposition 3.1. 

B (Sel(Q oo ,£|p <x> ])) Gal ( Q °°/ Q > ~ B°(Sel(Q,£[p°°])). 
Proof. Immediate from [9] Lemme 6.6.D 

Let Ul(E/Q) be the Shafarevich-Tate group. Taking rational p-adic Pontryagin dual of 

-> E(Q) Q p /Z p -> Sel(<Q>,£[p°°]) -+ LU^/Q)^ 00 ] -> 0, 
we have 

-► B°(lIl(£/Q)bH) -» B°(Sel(Q,£b°°])) -> Hom z (E(Q),Z) ® Q p -+ 0. 
Propositon 3.1 implies the following theorem. 

Theorem 3.1. 

ord 4 Char(X 00 ) > rankE(Q). 

Moreover if Ul(E /Q)[p°°] is finite the equality holds. 

3.3. Birch and Swinnerton-Dyer conjecture for a semistable elliptic curve. 

Lemma 3.1. Let E be an elliptic curve defined over Q and L be a quadratic extension of 
Q. T/ien /or any odd prime p and a positive integer r the restriction gives an isomorphism, 

Ul(E/Q)[p r ]^Ul(E/L)[p r ]. 

Proof. Since p is odd and since the order of Gal(L/Q) is two, iT^Gal^/Q), E{L))[p r ] = 
H 2 (Gal(L/(Qi), E(L))[p r ] = 0. Therefore the inflation-restriction sequence implies 

H\^E)[f]^H\L,EW}. 
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Let v be a place (including oo) of Q. Suppose that v ramifies or inerts in L and let w be 
the place of L over v. The same argument as above shows 

H\q v ,E)[p r ]^H\L w ,EW}. 

Suppose v splits in L and let w and w' be places of L over v. Then both L w and L„/ are 
isomorphic to Q_ v and 

is the diagonal imbedding, 

H l (® v ,E)\p r ] A H\Q v ,E)[p r ] x ff 1 (Q„,-E)b r ]- 
Thus we find that g (reps, h) of 

> UI(E/Q)[p r ] ► H^E)]?] ► Uv Hl (Qv,E)]p r ] 

f 9 h 

► U1(E/L)[p r ] ► H\L,E)[f] > U w HHL w ,E)\p r i 

is isomorphic (resp. injective). A simple diagram chasing shows that / is an isomorphism. 
□ 

Proposition 3.2. Let E be an semi-stable elliptic curve defined over Q. Then there is a 
pair (D,p) such that 

(1) D is a square free fundamental discriminant so that 

L(E D ,1)^0. 

(2) p is a good ordinary prime of E which satisfies 

(-) = 1, HL(E D /Q)\p] = 0, p>ll. 

p 

Proof. By Fact 3.1 there is a fundamental discriminant satisfying (1). Let us fix one of 
them. Then by [1] we know that HI(E£)/Q) is a finite abelian group. Since E is semistable 
it does not have complex multiplication and, due to Serre, the density of supersingular 
primes of E is 0. Therefore there is a prime satisfying (2). □ 
The following theorem is a direct consequence of p3] Corollary 3.6.10. 



Theorem 3.2. Let E be a semistable elliptic curve defined over Q. Let p > 11 be a prime 
where E has good ordinary reduction. Then 

ord t Char(Xoo) = ord s=0 C E , p (s). 

Theorem 3.3. Let E be a semistable elliptic curve defined over Q. Then we have the 
following consequences. 

(1) The rank of E(Q) is equal to ord s= iL(E,s). 

(2) For an odd prime q the q-primary part IIl(£'/Q)[g 00 ] of the Shafarevich-Tate group 
of E over Q is finite. Moreover it is trivial except finitely many primes. 
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Proof. Let (D,p) be a pair of Proposition 3.2. Since p is a good ordinary prime of E 
and since (— ) = 1, E and Ed have a good ordinary reduction of the same type at p. By 
L(Ed, 1) 7^ 0, Fact 2.1 shows that the order of p-adic L-function of Ed at the origin is 
zero. Then by Conjecture 1.1 and Theorem 3.2, 

(14) oid s=1 L(E, s) = ord t Char(X 00 ). 

On the other hand since E and Ed are isomorphic over Q(\AD), by Lemma 3.1, 

(15) m(E/Q)[q r ] s UI(E/Q(VD))[q r ] ~ UI(E D /Q)[q r ], 

for any odd prime q and a positive integer r. In particular since LU(.E£>/Q)[p] = we see 
m(E/Q)\p] = 0. Now Theorem 3.1 and (14) implies 

ord s=1 L(E,s) = rank£(Q). 

Kato has shown that L(Ed, 1) 7^ implies finiteness of Hl(£x)/Q)Q4J). Thus (15) shows 
that UI(E/Q)[q°°] is finite for an odd prime q and moreover vanishes except finitely many 
primes. □ 

3.4. Birch and Swinnerton-Dyer conjecture for an elliptic curve denned with a 
complex multiplication. Let E be an elliptic curve defined over Q whose endomorphism 
ring is isomorphic to the integer ring Ok of a quadratic imaginary field K. Then the 
following is a direct consequence of [TDJ Theorem 12.3. 

Theorem 3.4. Let p > 5 be a prime where E has good ordinary reduction. Then 

ord 4 Char(Xoo) = ord s=Q £ E ^ p (s). 

Theorem 3.5. Let E be an elliptic curve defined over Q whose endomorphism ring is 
isomorphic to Ok- Then we have the following consequences. 

(1) The rank of E(Q) is equal to ord s= iL(E,s). 

(2) For an odd prime q the q-primary part UI(E/Q)[q°°] of the Shafarevich-Tate group 
of E over Q is finite. Moreover it is trivial except finitely many primes. 

Proof. Let dK be the discriminant of K and dK = Qi 1 • • • Qt* ^ e ^s factorization by 
primes. We choose an odd prime I such that (-£■) = 1. By Fact 3.1 there is a square free 
fundamental discriminant D satisfying 

( £) = ...(£) = (f) = i, 

<?i qt I 

and L(Ed, 1) 7^ 0. Note that the condition of {qi}i implies that dK and D are coprime. Let 
R be a multiplicative closed set consisting of { — 1, 0, 1} CZ and consider a multiplicative 
map: 

Z/{d K ) x Z/(D) 4 R x R, X (x,y) = ((^), (-)), 

x y 

which may be regarded as a map from Z/(cfe.D). Since x(0 = (1>1) there are infinitely 
many primes q satisfying x(q) = (1) 1) ( In fact it is sufficient that q = I (mod d^.D)). On 
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the other hand since L(Ed, 1) 7^ 0, Ul(Er)/Q) is a finite group |10| . Therefore there is an 
odd prime p which does not divide the discriminant of E and satisfies 

ui(e d /q)[ p ] = o, (^) = (-) = i. 
p p 

The last condition gurantees that E has good ordinary reduction at p and that E and Ed 
are of same type at p. Now the remaining of a proof is the same as one of Theorem 3.3 
(One uses Theorem 3.4 in stead of Theorem 3.2). □ 
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